Abstract. We show that the sequence of moduli of the eigenvalues of a matrix polynomial is logmajorized, up to universal constants, by a sequence of "tropical roots" depending only on the norms of the matrix coefficients. These tropical roots are the non-differentiability points of an auxiliary tropical polynomial, or equivalently, the opposites of the slopes of its Newton polygon. This extends to the case of matrix polynomials some bounds obtained by Hadamard, Ostrowski and Pólya for the roots of scalar polynomials. We also obtain new bounds in the scalar case, which are accurate for "fewnomials" or when the tropical roots are well separated.
1. Introduction. Let p(x) = n j=0 a j x j , a j ∈ C be a polynomial of degree n in a complex variable x. Let ζ 1 , . . . , ζ n denote the roots of p(x) arranged by nondecreasing modulus (i.e., |ζ 1 | . . . |ζ n |). We associate with p the tropical polynomial t p(x), defined for all nonnegative numbers x by t p(x) := max 0 j n |a j |x j .
The tropical roots of t p, α 1 , . . . , α n , ordered by non-decreasing value (i.e., α 1 . . . α n ), are defined as the non-differentiability points of the function t p, counted with certain multiplicities. They coincide with the exponential of the opposite of the slopes of the edges of a Newton polygon, defined by Hadamard [Had93] and Ostrowski [Ost40a, Ost40b] as the upper boundary of the convex hull of the set of points {(j, log |a j |) | 0 j n}. The logarithms of these roots were called the inclinaisons numériques by Ostrowski. One interest of these roots is that they can be easily computed (linear number of arithmetic operations and comparisons). See Section 3.1 below for details.
Hadamard was probably the first to prove a log-majorization type inequality for the modulus of the roots of a scalar polynomial by using what we call today the tropical roots. His result (page 201 of [Had93] , third inequality) can be restated as follows in tropical terms:
This bound, proved in passing in a memoir devoted to the Riemann zeta function, remained apparently not so well known. In particular, the special case |ζ 1 |/α 1 1/2 is equivalent to the homogeneous form of the classical bound of Cauchy, established later on by Fujiwara [Fuj16] , and a weaker inequality, with α k 1 at the denominator instead of α 1 · · · α k , appeared later on in the work of Specht [Spe38] .
Ostrowski proved several bounds on the roots of a polynomial in his work on the method of Graeffe [Ost40a, Ost40b] , in which he used again the Newton polygon considered by Hadamard. In particular, he obtained the following upper bound (see [Ost40a, §7] ),
which can be thought of as a generalization of a "reverse" of the Cauchy inequality due to Birkhoff [Bir15] (corresponding to the case k = 1 in (1.2)). He also gave a different proof of a variant of (1.1), with the constant 1/(2k) instead of 1/(k + 1), and reported a private communication of Pólya, leading to a tighter constant In this paper, we generalize the bounds of Hadamard, Ostrowski, and Pólya, to the case of a matrix polynomial
(1.5)
We now associate with the matrix polynomial P the tropical polynomial t p(x) := max
where · is a norm on the space of matrices, and show that the moduli of the roots ζ 1 , . . . , ζ nd of P can still be controlled in terms of the tropical roots α 1 , . . . , α n of t p.
Our results give bounds on the ratio |ζ 1 . . . ζ nk |/(α 1 . . . α k ) n , which extend and refine the above bounds. In particular, in Theorem 4.4, we extend the lower bound (1.3) of Pólya to the matrix polynomial case, and in Theorem 6.1, we extend the upper bound (1.2) of Ostrowski. Moreover, we obtain other lower bounds that are new even in the case of scalar polynomials. In particular, in Theorem 4.1, we obtain a lower bound which may be tighter for "fewnomials". In Theorems 4.5 and 4.6, we obtain general lower bounds, which extend the bound of Pólya and its extension to the matrix case, and which may be much tighter when the tropical roots are sufficiently separated. Then, all together our results show that the tropical roots give tight estimates of the moduli of the eigenvalues if the tropical roots are sufficiently separated and if certain matrices are sufficiently well conditioned.
The results of the present paper combine ideas from max-plus algebra and tropical geometry, and numerical linear algebra. In [ABG98, ABG04, ABG05], Akian, Bapat, and Gaubert studied the eigenvalues and eigenvectors of matrices and matrix polynomials which entries (the A j ) are functions, for instance Puiseux series, of a (perturbation) parameter. It is shown there that the leading exponents of the Puiseux series representing the different eigenvalues (resp. eigenvectors) coincide, under some genericity conditions, with the "tropical eigenvalues" (resp. eigenvectors) of the tropical matrix polynomial with entries equal to the leading exponents of the entries of the initial matrix polynomial. This can be interpreted in the light of tropical geometry (see [Vir01, IMS07, RGST05] ), using the notion of non-archimedean amoeba [EKL06] with respect to the usual non-archimedean valuation on the field of Puiseux series (taking the leading exponent). Since amoebas with respect to the archimedean valuation z → log |z| on the field of complex numbers C can be approximated by non-archimedean amoebas [PR04, Pur08] , tropical eigenvalues are expected to provide approximations of the log of moduli of the classical eigenvalues. Indeed, the above bounds of Hadamard, Ostrowski, and Pólya can be seen as the (archimedean) analogue of the results of [ABG04] in the particular one dimensional case (n = 1). Moreover, in the case of a matrix with non-negative coefficients, Friedland [Fri86] established a bound for its spectral radius (or its Perron eigenvalue), which can be interpreted as a bound of the maximal eigenvalue of A by the maximal tropical eigenvalue of the valuation of A [ABG06] , and similar bounds for the other eigenvalues have been established by Akian, Gaubert and Marchesini in [AGM14] .
Here, we replaced the valuation on C by the "valuation" A → log A on the ring of n × n matrices over C, which leads to (1.6). The tropical roots obtained in this way are easy to compute and we shall see they provide a good approximation of the moduli of the eigenvalues under reasonable assumptions. The idea of using the norm instead of the usual valuation was inspired by several works in numerical linear algebra, suggesting that the information of the norms is relevant. For instance, Higham and Tisseur [HT03] extended to matrix polynomials the bound of Cauchy (related to the special case k = 1 in the Hadamard-Ostrowski-Pólya inequality), by using the norms of A The interest of tropical roots is not limited to theoretical bounds, they can be used to perform scalings allowing one to improve the accuracy of the numerical computation of the eigenvalues of a matrix polynomial. In [GS09] , the tropical polynomial of (1.6) was initially introduced to refine the results of [FLVD04] . It was shown there (see also [Sha11] ) that the tropical roots of t p can be used to perform scalings allowing one to improve the backward stability of eigenvalue computations for a matrix polynomial P . In the special case of quadratic pencils, this was confirmed by a work of Hamarling, Munro, and Tisseur [HMT13] , who implemented the tropical scaling as an option of quadeig, and gave theoretical estimates showing that the tropical scaling does reduce the backward error under some conditions. We shall explain this scaling in more details in Section 7. We also demonstrate there by numerical examples that this scaling helps to computate the eigenvalues of a matrix polynomial, at least when the lower bounds of Section 4 are tight.
Some bounds on the modulus of the eigenvalues of P , involving the tropical roots of t p, also appeared in [GS09] in the case in which d = 2, and in [Sha11] for the smallest and largest tropical roots when d 2, which may be seen as particular cases of the lower bounds of the present paper.
Let us finally point out some further related works. Bini used in [Bin96] what we call the tropical roots (from the Newton polygon technique) to initialize the Aberth method of computation of the roots of a scalar polynomial. Also, Malajovich and Zubelli applied Ostrowski's analysis to effective root solving [MZ01] . Finally, Bini, Noferini, and Sharify recently proved some location results by using the tropical roots of (1.6) for the eigenvalues of a specific class of matrix polynomials such that the coefficient matrices are unitary up to some constants. They also generalized the classical Pellet's theorem to the case of matrix polynomials [BNS13] , which involve the norms of the A −1 k A j , except in the specific above class, where they involve the norms of the A j . They also relate it to the Newton polygon method, thus to the tropical roots. Moreover, Melman [Mel12] proved a different generalization and some variations of Pellet's theorem, which are in general less costly since they involve the norms of the A j and A −1 k only (we need to compute O(d) norms instead of O(d 2 ), each of these computations requiring at least an inversion or a matrix product). Note that the information obtained by Pellet type methods is complementary and incomparable to the one obtained by the present log-majorization inequalities, see Remark 6.4.
The paper is organized as follows. We first recall a variation on Jensen formula due to Landau (Section 2.1) and extend it to the matrix case (Section 2.3), exploiting some technical results on matrix norms (Section 2.2). In Section 3.1, we recall the construction of the Newton polygon and of tropical roots. Then, we derive in Section 3.2 a general estimate for the modulus of the product of nk smallest eigenvalues of a matrix polynomial in terms in tropical roots. This leads to various explicit lower bounds, stated in Section 4, which extend the Hadamard-Ostrowski-Polyá inequality to the matrix case. These bounds are proved in Section 5.1 in the scalar case, and then in Section 5.2 in general. An upper bound (reverse inequality) is stated in Section 6.1 and proved in Section 6.2. In Section 7 we provide examples showing the tightness of the lower bounds. The application to matrix scaling is presented in Section 8.
2.
Estimates of the eigenvalues of matrix polynomials using norms of matrices.
2.1. An inequality of Landau. An ingredient of our results is a bound on the modulus of the product of the k smallest roots of a polynomial in terms of its coefficients. It is a consequence of Jensen's formula, derived by Landau in [Lan05] , building on an earlier observation of Lindelöf [Lin02] .
Lemma 2.1 ( [Lan05] ). Let ζ 1 , . . . , ζ d be the roots of a polynomial p(x) = d j=0 a j x j , arranged by non-decreasing modulus, and assume that a 0 = 0. For all 1 k d, we have
We include the short proof, as its idea will be used in the extension to the matrix case.
Proof. The formula of Jensen [Jen99] shows that if ζ 1 , . . . , ζ k are the roots of p(z) in the closed disk of C of radius r, counted with multiplicities, then log |ζ 1 . . . ζ k | = k log r + log |p(0)| − 1 2π 2π 0 log |p(re iθ )|dθ .
It follows that, for all r > 0, and k = 1, . . . , d:
Using the comparison between the geometric and the L 2 mean, together with Parseval's identity, we get 1 2π 2π 0 log |p(re iθ )|dθ 1 2 log 1 2π
Gathering this inequality with (2.2) yields
Since this holds for all r > 0, this shows the inequality of the lemma.
Preliminary results on matrix norms.
In order to generalize Lemma 2.1 to matrix polynomials, and to derive effective lower bounds for eigenvalues, we need to introduce technical assumptions on matrix norms, like the following one:
(A1) | det A| A n , for all A ∈ C n×n . The normalized Frobenius norm,
, ∀A ∈ C n×n , will be of special interest, as some of our estimates rely on L 2 methods. Therefore, the next assumption will also be considered: (A2) There exists Q, Q ∈ C n×n , such that det Q = det Q = 1 and QAQ nF A , for all A ∈ C n×n . We next show that Assumption (A2) implies Assumption (A1), and that a number of commonly used norms satisfy Assumption (A1) or Assumption (A2).
For all p ∈ [1, ∞], and n 1, we shall denote by · p the p norm of C n :
In particular, · 2 is the Euclidean norm. The norm on the space of matrices C n×n induced by the norm · p on C n will also be denoted by · p (the same norm is used for the domain and the range of A). In particular the norm · 2 on C n×n is the spectral norm. Moreover, for all p ∈ [1, ∞), and n 1, we shall denote by · * p the following normalized Schatten p-norm on the space of matrices C n×n : A * p := (
are the singular values of A (the eigenvalues of √ A * A, where A * denotes the conjugate transpose of A). Then, the normalized Schatten 2-norm coincides with the normalized Frobenius norm. Recall that the (unnormalized) Schatten 1-norm is also called the trace norm or the Ky Fan n-norm. We shall also denote by A * ∞ := max i=1,...,n σ i the Schatten ∞-norm, which coincides with the spectral norm.
Property 2.2. The normalized Frobenius norm satisfies Assumption (A1). Therefore, Assumption (A2) implies Assumption (A1).
Proof. From Hadamard's inequality, we get that | det A| A
2 , for all A ∈ C n×n , where A (j) denotes the j-th column of A. Then, since the geometric mean is less than or equal to the arithmetic mean (or simply by the concavity of the logarithm), we get that | det A| 2/n 1
2 ) = A 2 nF , which implies that the normalized Frobenius norm satisfies Assumption (A1). Since for
Property 2.3. For all p ∈ [1, ∞], the norm · p on C n×n satisfies (A2). Proof. Indeed, let us denote by A p,q the norm induced by the norms · p and · q on the range and domain C n of A respectively, which means that This result implies that all norms induced by the norm v d = Qv p in the domain of A and the norm v r = Q v p in the range of A with the same p, but possibly different matrices Q, Q such that det Q = det Q = 1, satisfy (A2).
Property 2.4. If · is the norm on C n×n induced by a norm on C n (the same for the domain and the range of matrices), then it satisfies (A1).
Proof. Since det A is the product of the eigenvalues of A counted with multiplicities, we get that | det A| ρ(A) n , where ρ(A) is the spectral radius of A. Since ρ(A)
A for all A ∈ C n×n and all induced norms · on the space of matrices, we get the result.
Property 2.5. The normalized Schatten p-norm · * p on C n×n satisfies (A1), for all p ∈ [1, ∞]. It satisfies (A2) if and only if p 2. Moreover, for p ∈ [1, 2), the least constant η such that η · * p satisfies (A2) is given by η = n 1/p−1/2 > 1. Proof. Since | det A| is the product of the singular values of A counted with multiplicities, we get that | det A| p = σ p 1 · · · σ p n , and using that the geometric mean is less than or equal to the arithmetic mean, we obtain that | det A| p/n 1
p * p , which implies that the normalized Schatten p-norm satisfies Assumption (A1). We have that p → A * p is a nondecreasing map. Hence, when p ∈ [2, ∞], A * p A * 2 = A nF , for all A ∈ C n×n , which implies that · * p satisfies (A2) when p 2. Let η > 0 be the least constant such that η · * p satisfies (A2) and let us show that η = n 1/p−1/2 when p < 2. This will implies in particular that η > 1 hence · * p does not satisfy (A2) for p < 2, which will finishes the proof of the equivalence " · * p satisfies (A2) if and only if p 2". Since n 1/p · * p is the unnormalized Schatten norm, which is nonincreasing with respect to p, we get that, for all p ∈ [1, 2), and A ∈ C n×n , n 1/2 A nF n 1/p A * p , which implies that η n 1/p−1/2 . Let us fix p, Q, Q ∈ C n×n such that det Q = det Q = 1 and QAQ nF η A * p , for all A ∈ C n×n . For all i = 1, . . . , n, let us consider the matrix A whose entries are all zero but the entry ii equal to 1. Then, the singular values of A are all zero except one which is equal to 1, so that
η(1/n) 1/p−1/2 . Since det Q = det Q = 1, we get using Hadamard's inequality, 1 Q
(η(1/n) 1/p−1/2 ) n , which shows that η n 1/p−1/2 . We deduce that η = n 1/p−1/2 > 1 for p > 2, which completes the proof.
Generalization of the inequality of Landau to matrix polynomials.
The following generalization of Lemma 2.1 will be a key tool to establish lower bounds for the eigenvalues of matrix polynomials.
Lemma 2.6. Consider the matrix polynomial P with degree d defined in (1.5), and let ζ 1 , . . . , ζ nd denote its eigenvalues, arranged by non-decreasing modulus. Assume that · is any norm on the space of matrices satisfying (A1), that det A 0 = 0 and let c =
When · satisfies (A2), the previous bound can be improved as follows
Proof. From Inequality (2.2) applied top(λ) = det P (λ), we get, for all r > 0,
Since · satisfies (A1), we have
for all θ ∈ [0, 2π]. Gathering (2.6) with (2.5), we obtain (2.3). Assume now that · satisfies (A2) with some matrices Q, Q such that det Q = det Q = 1, and let us prove (2.4). Since from Property 2.2, the normalized Frobenius norm satisfies (A1), we get that
nF . Now using the comparison between geometric and L 2 means, we deduce 1 2π
From the formula of the normalized Frobenius norm, we get by applying Parseval's identity to each coordinate (QP (re
Gathering this inequality with Inequalities (2.7) and (2.5), we obtain (2.4). Let R max denotes the set R ∪ {−∞}. A (max-plus) tropical polynomial f is a function of a variable x ∈ R max of the form
where d is an integer, and f 0 , . . . , f d are given elements of R max . We say that f is of
We shall assume that at least one of the coefficients f 0 , . . . , f d is finite (i.e., that f is not the tropical "zero polynomial"). Then, f is a real valued convex function, piecewise affine, with integer slopes. Cuninghame-Green and Meijer showed [CGM80] that the analogue of the fundamental theorem of algebra holds in the tropical setting, i.e., f (x) can be written uniquely as
The numbers α 1 , . . . , α d are called the tropical roots. The finite tropical roots can be checked to be the points at which the maximum in the expression (3.1) of f (x) is attained at least twice, whereas −∞ arises as a tropical root if f 0 = −∞. The multiplicity of a root α is defined as the cardinality of the set {j ∈ {1, . . . , d} | α j = α}.
The multiplicity of finite root α can be checked to coincide with the variation of the derivative of the map f at point α, whereas the multiplicity of the root −∞ is given by inf{j | f j = −∞} or by the slope of the map f at −∞. The notion of tropical roots is an elementary special case of the notion of tropical variety which has arisen recently in tropical geometry [IMS07] .
The tropical roots can be computed by the following variant of the classical Newton polygon construction. Define the Newton polygon ∆(f ) of f to be the upper boundary of the convex hull of the region
This boundary consists of (linear) segments.
The following result was established in [ABG05] , it relies on standard LegendreFenchel duality argument.
Proposition 3.1 ([ABG05, Proposition 2.10]). There is a bijection between the set of finite tropical roots of f and the set of segments of the Newton polygon ∆(f ): the tropical root corresponding to a segment is the opposite of its slope, and the multiplicity of this root is the length of this segment (measured by the difference of the abscissae of its endpoints). (Actually, min-plus polynomials are considered in [ABG05] , but the max-plus case reduces to the min-plus case by an obvious change of variable.)
The Graham scan algorithm [Gra72] allows one to compute the convex hull of a finite set of points by making O(n) arithmetical operations and comparisons, provided that the given set of points is already arranged by increasing abscissae, which is the case in the present setting. It follows that the tropical roots, counted with multiplicities, can be computed in linear time (see also [GS09, Proposition 1]). In particular, the maximal tropical root is given by
Example 3.2. Consider f (x) = max(0, 1 + x, 6 + 2x, 4 + 4x, 9 + 8x, 5 + 10x, 1 + 16x) .
The graph of f and the Newton polygon of f are shown in Figure 3 .1. The tropical roots are −3, −1/2, and 1, with respective multiplicities 2, 6 and 8. The notion of root also applies with trivial changes to the "max-times" model of the tropical structure, in which polynomial functions now have the form
where a 0 , . . . , a d are nonnegative numbers, and the variable x now takes nonnegative values. Then, the tropical roots of t p(x) are, by definition, the exponentials of the tropical roots of its log-exp transformation f (x) := log t p(exp(x)) = max 0 j d (log a j + jx).
In the sequel we shall consider max-times polynomials associated with usual scalar or matrix polynomials. We shall need the following result which follows from the above definitions and properties.
Moreover, let k be the abscissa of a vertex of the Newton polygon of p, then a k > 0 and
. By definition log α j , j = 1, . . . d, are the tropical roots of f . The upper boundary of the Newton polygon of f coincides with the graph of the concave hullâ of the map j ∈ {0, . . . , d} → log a j ∈ R. By Proposition 3.1, the tropical roots are the opposites of the slopes ofâ and their multiplicities are the lengths of the segments whereâ has this slope. This means that log α j =â j−1 −â j , henceâ j =â 0 − j =1 log α , and using thatâ is above the map j → log a j , and that both maps coincide at the boundary point j = 0, we get the first inequality of the proposition. If now k is the abscissa of a vertex of the Newton polygon of p, then (k,â k ) is an exposed point of the Newton polygon, which implies thatâ k = log a k . Sinceâ j =â k − j =k+1 log α , for all j k, we get the two last inequalities of the proposition.
3.2. A general lower bound using tropical roots. Using the same method as in the proof of Pólya's inequality reproduced in [Ost40a] , we derive from Landau's inequality the following result which involves now the tropical roots α k instead of the moduli |a k | of the coefficients of p. 
holds with
Proof. By applying the change of variable r = α k √ ξ in the inequality of Lemma 2.1, we get
Applying Proposition 3.3 to the max-times polynomial t p, we get
for all j = 0, . . . , d, which with the above inequality yields (3.2) with
which can be written in the form (3.3) with β k,j as in (3.4). Moreover, since α j is nondecreasing with respect to j, we get that all the β k,j are less than or equal to 1. The following is a matrix version of Proposition 3.4. It is proved along the same lines.
Proposition 3.5. Let A 0 ,. . . , A d , P , ζ 1 , . . . , ζ nd , · , c, be as in the first part of Lemma 2.6, and let α 1 , . . . , α d be the tropical roots of the tropical polynomial of (1.6), arranged in non-decreasing order. Then, for all 1 k d, the inequality
holds with L k such that:
with β k,j as in (3.4). Moreover, when · satisfies (A2), the constant L k in (3.5) can be replaced by the greater one:
Remark 3.6. In the above proof, the only ingredient to deduce the result of Proposition 3.4 from that of Lemma 2.1 is the inequality |a j | |a 0 | j =1 α −1 for all j = 0, . . . , d. By Proposition 3.3, this inequality is an equality for any abscissa j of a vertex of the Newton polygon of p. Hence, if all the tropical roots of the tropical polynomial of (1.6) are simple (which means that all k = 0, . . . , d are abscissae of a vertex of the Newton polygon of p), the inequalities of Proposition 3.4 and Lemma 2.1 are equivalent. The same is true for the inequalities of Proposition genlowercormatrix and Lemma 2.6.
4. Explicit lower bounds in terms of tropical roots. We now derive from Proposition 3.5 explicit lower bounds for the product of the nk smallest eigenvalues of a matrix polynomial. Different bounds can be given, depending on the information available on the matrix polynomial. Our first bound is useful for "fewnomials" (polynomials with few non-zero coefficients).
Theorem 4.1 (Bounds involving the number of nonzero coefficients). Consider the matrix polynomial P with degree d defined in (1.5), and let ζ 1 , . . . , ζ nd denote its eigenvalues, arranged by non-decreasing modulus. Assume that · is any norm on the space of matrices satisfying (A1), that det A 0 = 0 and let c = | det A0| A0 n . Let α 1 , . . . , α d be the tropical roots of the tropical polynomial of (1.6), arranged in non-decreasing order. Also let mon P denote the number of nonzero monomials of P . Then, for all 1 k d, we have
Moreover, when · satisfies (A2), the constant L k can be replaced by the greater one:
The proof of all the results of this section will be given in Section 5. Remark 4.2. When n = 1 (thus the matrices A 0 , . . . , A d are scalars), any norm is proportional to the normalized Frobenius norm which is nothing but the modulus map | · |, satisfies (A2), and for which c = 1. Therefore the tropical roots of t p are the same for all norms, the best possible inequality (4.1) is
and this inequality holds with L k as in (4.3). Remark 4.3. If a norm · on the space of matrices satisfies (A1) but not (A2), we can still obtain a bound of the form (4.1,4.3) by changing the constant c. Indeed, by the equivalence between norms on C n×n , for any norm · on C n×n , there exists a constant η > 0 (which depends on n) such that A nF η A for all A ∈ C n×n . Then, the norm N obtained by multiplying · by η satisfies (A2), hence (4.1,4.3). There, the constant L k is given by (4.3), thus independent of the norm, whereas the constant c and the tropical roots α j are computed with respect to the norm N . In particular c =
n , where c 0 is the constant c associated to the norm · . Moreover, if t p denotes the tropical polynomial associated to the norm · , then the tropical polynomial associated to the norm N is equal to η t p, and its tropical roots are equal to the ones of t p. Hence, we deduce that (4.1,4.3) holds for · with c/η n instead of c. However, if · satisfies (A1) but not (A2), then η > 1, so that the inequality derived from (4.1,4.3) with c/η n instead of c may be weaker than (4.1,4.2): this is indeed the case if and only if η > √ mon P . The same type of conclusions can be obtained for the lower bounds that are stated in the next theorems.
The following theorem provides a lower bound generalizing the lower bound of Pólya to the matrix case (since, as said in Remark 4.2, when n = 1, the modulus map is a norm satisfying (A2), and for which Inequality (4.1) reduces to (4.4)). Up to the constant c, the following bounds are independent of the coefficients of the matrix polynomial P .
Theorem 4.4 (Universal bound). Let A 0 ,. . . , A d , P , ζ 1 , . . . , ζ nd , · , c, and α 1 , . . . , α d be as in the first part of Theorem 4.1. Then, for all 1 k d, Inequality (4.1) holds with L k defined as follows:
where E is defined as in (1.4). Moreover, when · satisfies (A2), Inequality (4.1) holds with the greater constant:
The lower bound of Pólya, and its matrix version given above, are tight only for k small. By symmetry, one can obtain a tight lower bound when k is close to d (this was already noted by Ostrowski in the scalar case [Ost40a] ). Theorem 4.5 below will allow us to obtain a tight lower bound when k lies "in the middle" of the interval [0, d], by using the comparison between the tropical roots. Unlike the lower bound of Pólya, this theorem gives a bound which is not anymore independent of the coefficients of the polynomial P , although it depends only on a small information, namely a ratio measuring the separation between some tropical roots. Thus, the bound will involve a coefficient U(k, δ) depending both on the index k and on the parameter δ (the ratio). It will be specially useful in situations in which δ is small. This coefficient U(k, δ) is defined as follows:
where E(k) is defined by (1.4) for k 1, and E(0) := 1, and with the convention that 1/0 = +∞, so that U(k, 1) = +∞. It is easy to check that
The following asymptotic regime should be kept in mind:
Theorem 4.5 (Master lower bound). Let A 0 ,. . . , A d , P , ζ 1 , . . . , ζ nd , · , c, and α 1 , . . . , α d be as in the first part of Theorem 4.1, and denote α 0 = 0 and α d+1 = +∞.
with the convention that 1/∞ = 0. Moreover, when · satisfies (A2), the constant L k of (4.1) can be replaced by the greater constant L * k :
. 
k of Theorem 4.5 are exactly the constants L k of (4.5) and (4.6) of Theorem 4.4 respectively. Moreover, Theorem 4.5 is already new in the scalar case (n = 1).
Note that when δ − = 1 in Theorem 4.5,
we get L k = 0 so that (4.1) does not provide any information, although it is true. However, if for instance δ − = 1 and δ + < 1, we get that L k = L + k > 0, which gives a positive lower bound in (4.1).
Applying Theorem 4.5 to the particular case when k = k − + 1 = k + − 1 leads to the following formula for the constants of (4.9) and (4.10):
and
In this special case, we obtain the following stronger lower bounds. Theorem 4.6. Let us use the notations of Theorem 4.5, and assume that k = k − + 1 = k + − 1. Then, the statements of Theorem 4.5 hold with the constants L k and L * k (given in (4.9) and (4.10), or (4.11) and (4.12)) replaced respectively by the greater constants L k and L * k given by:
(4.14)
We next indicate how the indices k + and k − should be chosen, for each 1 k d, in order to get the best lower bound L k .
Let k 0 = 0, k 1 , . . . , k q = d be the sequence of abscissae of the vertices of the Newton polygon of t p(x), as shown in Figure 4 .1. For j = 1, . . . , q, we have, α kj−1+1 = · · · = α kj < α kj +1 , with the convention α d+1 = +∞. We also denote by
for j = 0, . . . , q, the parameters measuring the separation between the tropical roots, in particular δ 0 = δ q = 0. Proposition 4.7. Each of the constants L k and L * k appearing in Theorem 4.5, is maximized by choosing k − = k r for some 0 r q such that k r < k and k + = k s + 1 for some 0 s q such that k s k.
This proposition shows that, to apply Theorem 4.5, we may always require k − and k + − 1 to be abscissae of vertices of the Newton polygon. Optimizing the choice of k ± , we readily arrive at the following corollary. 
k (given in (4.9) and (4.10)) replaced respectively by the following optimal ones:
However, a simpler choice of k ± consists in taking the nearest vertices of the Newton polygon in (4.16) and (4.17), which lead to the following corollary.
Corollary 4.9. Let us use the notations of Theorem 4.5, let k 0 = 0, k 1 , . . . , k q = d be the sequence of abscissae of the vertices of the Newton polygon of t p(x), as shown in Figure 4 .1, and let δ 0 , . . . , δ q be defined by (4.15). For 0 k d, let us consider the unique j ∈ {1, . . . , q} such that k j−1 < k k j , so that α k = α kj−1+1 = α kj . Then, the statements of Theorem 4.5 hold with the constants
(given in (4.9) and (4.10)) replaced respectively by the following ones:
Moreover, in the particular case where
Remark 4.10. When all the ratios δ 1 , . . . , δ q are small, the maxima in (4.16) and (4.17) are attained by taking j as in Corollary 4.9, that is L
slope than this edge, the maximizing j may be the one corresponding to the first vertex at which the slope changes significantly, i.e., the first one such that δ j is small. Similar considerations apply to L − * ,opt k 5. Proof of the lower bounds.
5.1. Proof of the lower bounds for the roots of scalar polynomials. In this section, we prove the main lower bounds of Section 4 for scalar polynomials, since the arguments are more transparent in this case. The generalization to the matrix case will be given in the next section. Proof of the scalar version of Theorem 4.4. We note first that Pólya's inequality is an immediate consequence of Proposition 3.4. Indeed, using the property that all the β k,j are less than or equal to 1, we obtain:
for all ξ > 0. The minimum of the right hand side of the previous inequality for 0 < ξ < 1, is attained for ξ = k/(k + 1), from which we deduce (1.3), which is also the scalar version of Theorem 4.4. We can now deduce similarly, from Proposition 3.4, the scalar versions of the lower bounds of Theorems 4.1, 4.5, and 4.6. Since in the scalar case, we are reduced to show (4.4) for some constants L k , and that this inequality is precisely the statement of Proposition 3.4, we only need to show that these constants L k are lower bounds of the constant L k of (3.3).
Proof of the scalar version of Theorem 4.1. Using the property that β k,j 1 for all k, j, we obtain that the constant L k of (3.3) satisfies (L k ) −2 d j=0,aj =0 ξ j−k for all ξ > 0. When ξ = 1, the right hand side of this inequality is equal to the number of non-zero coefficients of p, which shows that the constant L k of (3.3) is lower bounded by the constant L k of (4.3), which implies (4.4) with this lower bound L k .
Proof of the scalar version of Theorem 4.5. Assume that 0 k
, for all j k − . Similarly, for all k, α α k , and for all
. Since we also have β k,j 1 for all j, k, we obtain that the constant L k of (3.3) satisfies, for all δ 2 − < ξ < δ −2
the later inequality can be written as
Note that (5.1) also holds when k − = 0 or k + = d + 1, since then δ − = 0 or δ + = 0 respectively. When δ − = 1 and δ + < 1, the conditions on ξ in (5.1) are equivalent to 1 < ξ < δ −2 + , whereas when δ − = δ + = 1, these conditions are never satisfied, but in this case the constant L k of (4.10) is equal to 0 so there is nothing to prove.
The functions g − and g + satisfy g − (ξ) = g k−k − ,δ 2 − (ξ −1 ) and g + (ξ) = g k + −k−1,δ 2 + (ξ) where g k,δ is defined for ξ = 1 and δ −1 by:
.
We have g k,δ (ξ) 0 for ξ < 1, hence g − (ξ) 0 for all ξ > 1, and g + (ξ) 0 for all ξ < 1. When δ < 1, the minimum of g k,δ on (1, δ −1 ) is attained at
The last formula gives ξ k,δ = ∞ when δ = 0 and k = 0, which is the point of infimum of g k,δ for 1 < ξ < ∞ = δ −1 , since g k,δ is decreasing. It also gives ξ k,1 = 1 for all k 0. Hence extending g k,δ , g − and g + by +∞ at point 1, we get that the infimum of g k,δ on (1, δ −1 ) equals g k,δ (ξ k,δ ), and denoting
In order to simplify this bound, we need to find good estimates of ξ k,δ . When k = 1 and δ = 0, we have:
Using the property that δ 0 in the last formula, we get that ξ k,δ k+1 k = ξ k,0 . Moreover, this inequality also holds for k = 1. In particular (ξ k,δ ) k E(k), for all k 0 and δ 0 (taking the convention that ξ 0 = 1 for all ξ ∈ (1, ∞]). We also have, for k 0 and 0 δ < 1,
This yields
with U as in (4.7). Indeed, this inequality holds for δ < 1 by the above arguments. It also holds for δ = 1 since U(k, 1) = +∞. This implies in particular that
. Combining these two inequalities with (5.2), we obtain that the constant L k of (3.3) is lower bounded by the constant L * k of (4.10), which implies (4.4) with this lower bound L * k instead of L k . Remark 5.1. In the previous proof, obtaining the minimum of g instead of g − and g + would have led to a better lower bound for L k than the one of Theorem 4.5. However, such a bound is more difficult to estimate for general values of k + − k − . We can use for instance the first inequality in (5.2), which will give better estimates in some particular cases. For instance, when k = 0, we get that
gives the lower bound L + k of (4.12), with δ = δ + . However (5.2) gives the slightly better bound:
Proof of the scalar version of Theorem 4.6. Let us use the notation of the previous proof. When k = k + − 1 = k − + 1, Inequality (5.1) is true for all ξ ∈ (δ 2 − , δ −2 + ) since g can be well defined at 1 (by continuity for instance). When δ − δ + < 1, the interval (δ 2 − , δ −2 + ) is nonempty, the map g is convex there and its minimum is achieved at the point ξ = (1 + δ
, which implies that the constant L k of (3.3) is lower bounded by the constant L * k of (4.14), which implies (4.4) with this lower bound L * k instead of L k . Moreover, since the minimum of g is less or equal to the right hand side of (5.2), the proof of the scalar version of Theorem 4.5 implies that L * k L * k . 5.2. Proofs of the lower bounds for the eigenvalues of matrix polynomials. In this section, we prove the lower bounds which were stated in Section 4 for matrix polynomials, and proved in Section 5.1 in the special scalar case.
Proof of Theorems 4.1, 4.4, 4.5, and 4.6. In Proposition 3.5, the formula (3.7) of L k coincides with (3.3), except that the condition a j = 0 is replaced by A j = 0. Hence, the lower bounds of the constant L k of (3.3) obtained in the proofs of the scalar versions of Theorems 4.1, 4.5, and 4.6 give similar lower bounds for the constant L k of (3.7), which combined with the assertion that Inequality (4.1) holds with this constant, now provide the lower bounds of Theorems 4.1, 4.5, and 4.6 respectively, in the case where · satisfies (A2), that is Inequality (4.1) with L k replaced by the constant L k of (4.3), the constant L * k of (4.10), and the constant L * K of (4.14), respectively.
In the case of a norm satisfying only (A1), the formula (3.7) of L k is replaced by (3.6), which means that everything behave as if L k were replaced by its square and the numbers α k were replaced by their square roots in (3.7). Hence the assertions of Theorems 4.1, 4.5, and 4.6 in the case of Assumption (A2), are still true under Assumption (A1), up to this transformation of the constant L k of (4.3), the constant L * k of (4.10), and the constant L * K of (4.14), respectively. The constant L k of (4.3) does not depend on the values of the constants α k , hence the above transformation leads to the square of L k , which is exactly the constant L k of (4.2), which finishes the proof of Theorem 4.1. The constant L * k of (4.10) is a function of
. Since replacing all numbers α i , i = 0, . . . , d + 1, by their square roots, reduces to replace the numbers δ − and δ + by their square roots too, the above transformation of the constant L * k of (4.10) consists in taking its square and replacing δ − and δ + by their square roots, which leads to the constant L k of (4.9), which finishes the the proof of Theorem 4.5. Similarly, the above transformation of the constant L * k of (4.14) leads to the constant L k of (4.13), which finishes the proof of Theorem 4.6. Now Theorem 4.4 is an immediate corollary of Theorem 4.5. Indeed as said in Section 4, taking k k and thus L k , with δ − constant (and δ + and k + constant), we need to minimize k − k − , which implies that k − = k r for some 0 r q such that k r < k. Similarly, k + = k s + 1 for some 0 s q such that k s k.
Remark 5.2. All the lower bounds in Theorems 4.1, 4.4, 4.5, and 4.6 are equivalent to inequalities of the form
By definition of the tropical roots,
wherep k is the value in k of the concave hull of the map j ∈ {0, . . . , d} → log A j . Hence, if · and · are two norms on the space of matrices such that A A for all A ∈ C n×n , then the right hand side in (5.3) is smaller for · than for · . Moreover, in (4.2), (4.3), (4.5), and (4.6), L k depends only on P or k and n, but not on the norm · , so that (5.3) is necessarily a tighter inequality for · than for · . In particular if (A2) holds with Q and Q , then the lower bounds (4.3) and (4.6) for · are weaker than the corresponding ones for A → QAQ nF . For the lower bounds (4.9), (4.10), (4.13), and (4.14) of Theorems 4.5 and 4.6, and the ones of Corollaries 4.8 and 4.9, based on the separation between the tropical roots, the comparison is not so simple, because changing the norm changes the separation between the tropical roots. η i A for all A ∈ C n×n where · 2 is the Euclidean norm of C n , and we set η := η 1 · · · η n . Let A 0 ,. . . , A d , P , ζ 1 , . . . , ζ nd , c, t p, α 1 , . . . , α d , be as in Theorem 4.4, let k 0 = 0, k 1 , . . . , k q = d be the sequence of all abscissae of the vertices of the Newton polygon of t p(x), and define δ 0 , . . . , δ q be as in (4.15). Denote by C n,d,k the number of maps φ : {1, . . . , n} → {0, . . . , d} such that
n−1 . Then, for every j = 1, . . . , q, if
we have
Using the results of Corollary 4.9 and Theorem 6.1, we are able to show that the modulus of a group of eigenvalues corresponding to an edge of the Newton polygon of t p is bounded from above and below by the corresponding tropical roots. The following immediate corollary gives an example of such bounds. Corollary 6.2. Under the assumptions and notations of Theorem 6.1, together with (A2), we have, for all 1 j q, such that c j > 0 and c j−1 > 0,
Similar results can be obtained when · only satisfies (A1), and also for general 1 k d. Note also that the bounds in the above corollary do not depend on the constant c, except if j = 1 (in which case c j−1 = c 0 = c). Hence, by an argument of continuity, the assumption that det A 0 = 0, which is present there (since the notations and assumptions of Theorem 6.1 include the ones of the first part of Theorem 4.1), can be dispensed with, except when j = 1. Remark 6.3. Since 1
−n , where κ denotes the condition number of a matrix with respect to the norm · , we get that Condition (6.1) of Theorem 6.1 holds if the matrix A kj is nonsingular and has a sufficiently small condition number, and if the tropical roots α kj and α kj+1 are sufficiently separated, so that δ j = α kj /α kj+1 1. Similarly, the tightness of the bounds in Corollary 6.2 depends on the parameters δ j−1 , δ j and on the condition number of the matrices A kj−1 , A kj .
Remark 6.4. The bounds of Corollary 6.2 require the δ j to be very small. In this case, a different approach would be to use the extensions of Pellet's theorem to the case of matrix polynomials [BNS13, Mel12] .
Recall that in the scalar case, Pellet's theorem shows that for k ∈ {0, d}, if the polynomial q(x) = |a k |x k − i =k, 0 i d |a i |x i has precisely two real positive roots r(a) < R(a) (we know by Descartes' rule of sign it has 0 or 2 real positive roots), then p has precisely k roots in the region |x| r(a) and d − k roots in the region |x| R(a). Moreover, in [Bin96] , it is shown that in that case, k is the abscissa of a vertex of the Newton polygon of p, and that tropical roots of p are outside the interval (log r(a), log R(a)). If Pellet's theorem can be applied to every abscissa k of a vertex of the Newton polygon of p, then each moduli of a root of p can be estimated using the corresponding tropical root. This is in particular possible if δ j < 1/9 for all j = 1, . . . , q, by a result of Gaubert and Sharify (see [Sha11, Theorem 3.3 .3]).
Using an extension of Pellet's theorem to the case of matrix polynomials, one may obtain a similar localisation of the eigenvalues when all the δ j and condition numbers of the matrices A kj are small enough, see for instance [BNS13] for the case where the coefficient matrices are unitary up to some constants.
However, it may happen that Pellet's theorem cannot be applied for any vertex of the Newton polygon except the first and last one. In this case, the log-majorization type inequalities of Section 4 do provide a better information. Note that there is some duality between Pellet type estimates and log-majorization estimates: the former hold conditionnally, and give exclusion annuli, whereas the latter hold inconditionnally, and allow one to infer inclusion regions for the eigenvalues. For instance, it does not seem that tight constants like the one in (1.3) are achievable by Pellet type approaches.
Proof of the upper bound.
To prove Theorem 6.1, we first prove the following lemma which provides a lower bound for the modulus of the coefficients of the polynomial det(P (λ)).
Lemma 6.5.
. . , δ q , and C n,d,k be as in Theorem 6.1, and denote byp the polynomial:
Then, for j = 0, . . . , q, we have A kj > 0 and
Proof. Let k = 0, . . . , d. Using the multilinearity of the determinant we get
where the sum is taken over all maps φ : {1, . . . , n} → {0, . . . , d}. Denoting by Φ k the set of all such maps that satisfy n m=1 φ(m) = nk, we obtain that the nk-th coefficient of the polynomialp is equal to:
Using Hadamard's inequality together with the definition of η yields
Assume now that k = k j for some j = 0, . . . , q. Then, k is the abscissa of a vertex of the Newton polygon of the tropical polynomial t p defined in Theorem 4.1. By Proposition 3.3 applied to t p, we get that
From all the above inequalities, we deduce that
Since by definition C n,d,nk is the cardinality of Φ k , and there exists exactly one element of Φ k such that φ ≡ k, we obtain the inequality of the lemma for k = k j . Proof of Theorem 6.1. Consider the polynomialp of (6.3) and let γ 1 , . . . , γ nd be the tropical roots of the tropical polynomial tp(x) = max 0 l nd |p l |x l arranged in non-decreasing order. Let j = 0, . . . , q and denote k = k j . From (1.2), we have
By the first part of Proposition 3.3 applied to the tropical polynomial tp, we get |p nk |γ 1 . . . γ nk |p 0 |. Applying the result of Lemma 6.5, and using the assumption of Theorem 6.1 on c j , we get thatp
Gathering this with (6.4), we get
Since k = k j is the abscissa of a vertex of the Newton polygon of the tropical polynomial t p, we get from Proposition 3.3 applied to t p that A0 A k = α 1 . . . α k , hence the previous inequality shows Theorem 6.1.
Numerical examples illustrating the lower bounds.
In this section, we illustrate the bounds by numerical examples. We shall see in particular that the lower bounds stated in Section 4 can be tight when the tropical roots are well separated and when the input matrices are well conditioned, according to Remark 6.3. All the numerical results of the present paper were obtained using Scilab 4.1.2. Note that similar results are obtained using Matlab, specially the polyeig function.
7.1. Illustration of the lower bounds for the roots of scalar polynomials.
In the following examples, for each scalar polynomial, using the notations of Section 4, we shall show in tables or plots the following quantities with respect to k = 1, . . . , d for comparison: -the ratio |ζ1...ζ k | α1...α k , denoted ratio; -the lower bound of Pólya given in (1.3), which coincides with the constant L k of (4.6), denoted pólya; -the lower bound L k of (4.3) in Theorem 4.1, denoted fewnom; -the lower bound L * ,prox k of (4.19) in Corollary 4.9, based on the separation between the tropical roots, denoted separ. Also, in tables, the abscissae of the vertices of the Newton polygon of t p are indicated by the symbol * .
Example 7.1. Consider the following scalar polynomial
The log-exp transformation of its tropical polynomial t p is the tropical polynomial f of Example 3.2. The graph of f and the associated Newton polygon were shown in Figure 3 .1. Hence, the tropical roots of t p are the exponentials of −3, −1/2, and 1, with multiplicities 2, 6 and 8, respectively. Table 7 .1: Comparison of the lower bounds for the scalar polynomial p of (7.1).
Example 7.2. Consider now the following scalar polynomial
The log-exp transformation of its tropical polynomial t p is again the tropical polynomial f of Example 3.2, but now there are some points of the graph of the map k → log |p k |, where p k is the kth coefficient of p, that are on the edges of its Newton polygon, that is its concave hull. Table 7 .2 shows the ratios and lower bounds for p. In Figure 7 .1, we plot in the same graph the values of the ratios and lower bounds for the scalar polynomials p of (7.1) and (7.2). This indicates that the lower bound L k of Corollary 4.9, based on the separation between tropical roots, may become tighter when the polynomial has non zero coefficients between the vertices of the Newton polygon.
7.2. Illustration of lower bounds for the eigenvalues of matrix polynomials. Note that to compute the eigenvalues of the following examples we had to use the tropical scaling algorithm that we recall in the next section.
In the following examples, we are comparing the value of the ratio
with the lower bounds (4.1) of Section 4 for some matrix polynomials P . Table 7 .2: Comparison of the lower bounds for the scalar polynomial p of (7.2). Plot of ratio as a function of k for the scalar polynomials of (7.1) (blue circles) and (7.2) (red squares), together with the lower bound fewnom (blue and red lines resp.), pólya (plus signs) and separ (stars signs).
normalized Schatten 1-norm (or normalized trace norm) · * 1 (which satisfies (A1) but not (A2), see Property 2.5).
Then, using the notations of Section 4, we shall show in tables or plots the following quantities with respect to k = 1, . . . , d for comparison: -the ratio |ζ1...ζ nk | (α1...α k ) n , denoted ratio; -the universal lower bound generalizing the lower bound of Pólya to the matrix case, given by cL n k (see (4.1)) with L k of (4.5) or (4.6), denoted gpólya; -the lower bound involving the number of monomials, given by cL n k with L k of (4.2) or (4.3), denoted fewnom; -the lower bound based on the separation between the tropical roots, given by c(L
and L * ,prox k of (4.18) and (4.19) respectively, denoted separ. Also, in tables, the abscissae of the vertices of the Newton polygon of t p are indicated by the symbol * .
Example 7.3. Consider the following matrix polynomial P 1 (λ) = 10 −7 U 0 + 10 2 λ 2 U 2 + 10 7 λ 4 U 4 + 10λ 7 U 7 + 10 −8 λ 9 U 9 , where all the matrices U j , j ∈ {0, 2, 4, 7, 9}, are unitary of dimension 3. Here, we shall only consider the normalized Frobenius norm since for a unitary matrix U , we have U nF = U * 1 = 1, so the tropical polynomial associated with P 1 are the same for both norms, and the lower bounds under (A1) are the same, and are thus weaker than the lower bounds under (A2) for the normalized Frobenius norm. The Newton polygon of the tropical polynomial corresponding to P 1 (for the normalized Frobenius norm) is shown in Figure 7 .2, and its tropical roots are 10 −9/2 , 10 −5/2 , 10 2 , and 10
with multiplicities 2, 2, 3, and 2, respectively. Figure 7 .3 shows the lower bounds for all values of 1 k 9, and the maximum of the ratios for a sample of 1000 random choices of the unitary matrices U j . The ratios slightly change for different random choices of the unitary matrices U j , but with a difference smaller than 6 10 −4 . Note that when 1 k 9 increases, the generalized lower bound of Pólya decreases, and should be replaced by its symmetrized version with k replaced by d − k. However the bounds using the separation between tropical roots are the best ones, and they are tight at the vertices of the Newton polygon of the tropical polynomial associated with P 1 . Example 7.4. In the following example, we perturb the previous polynomial by adding coefficients to P 1 , in such a way that the Newton polygon of the tropical polynomial associated with P 1 does not change, either for the normalized Frobenius norm or at least for the normalized Schatten 1-norm. Here we fix the unitary matrices to be either the identity matrix or its opposite, and we consider the following matrices: where b is chosen so that B nF = 1, and C is also such that C nF =1. The matrix C is singular, since it has rank 1, and it satisfies C * 1 = 1/ √ 3. The matrix B is ill-conditioned, so that B * 1 < B nF = 1 too.
We shall consider the two polynomials: 
Since for any unitary matrix U with dimension 3, U * 1 = U nF = 1, and since for any complex matrix A of dimension 3, we have A * 1 A nF , the tropical polynomial associated with P 2 for either the normalized Frobenius norm or the Schatten 1-norm coincides with the one associated with P 1 . Hence, as for P 1 , the bounds for P 2 with the normalized Schatten 1-norm are necessarily weaker than the ones with the normalized Frobenius norm. Moreover, all the bounds presented in Table 7 .3 for P 1 remain the same for P 2 except the bounds based on the number of nonzero coefficients. We present all these bounds in Figure 7 .4 together with the new ratios. Since these ratios are different from the ones of Table 7 .3, one can see that the lower bounds based on the separation between tropical roots may be tight. Let us consider now the polynomial P 3 . The normalized Schatten 1-norm of the coefficients of P 3 coincide with the normalized Frobenius norm of the coefficients of P 2 , hence the tropical polynomial associated with P 3 for the normalized Schatten 1-norm coincides with the one associated with P 1 for the normalized Frobenius norm, so that the tropical roots are the same. However, since the Schatten 1-norm satisfies (A1) but not (A2), we can only get the bounds based on (A1) which are necessarily lower than the one presented above for P 1 with the normalized Frobenius norm. Finally, the tropical polynomial associated with P 3 for the normalized Frobenius norm differs from the one associated with P 1 , so that the tropical roots and the bounds differ too. All tropical roots of this new tropical polynomial have multiplicity 1, which means that all indices are abscissae of vertices of its Newton polygon. We present in Figure 7 .5, the ratios and the lower bounds for both normalized Frobenius and Schatten 1-norms. Here the ratios and lower bounds for the normalized Schatten 1-norm are lower than the ones for the normalized Frobenius norm. However, one can see that the results for the normalized Frobenius norm are still better than the ones for the normalized Schatten 1-norm. Example 7.5. In order to obtain a polynomial for which the lower bounds for the normalized Schatten 1-norm are better than the ones for the normalized Frobenius norm, one need to take matrices A i such that A i nF / A i * 1 is as large as possible. This means that the dimension n is large and that some of the singular values of A i are zero, or at least that the ratio between the maximal and minimal singular values is large, which implies that A i is singular or at least has a large condition number. Moreover some parameters of the lower bounds need to be smaller than A i nF / A i * 1 , which is possible for instance for the lower bounds based on the separation between tropical roots, when these tropical roots have a small multiplicity and are well separated. We shall show here such examples.
We consider a matrix polynomial with degree 3 and dimension n = 10:
where all the matrices A i , i = 0, . . . , 3 are diagonal matrices:
We choose A 0 = A 3 = I, so that c = 1, α 1 α 2 α 3 = 1 (for norms such that I = 1) and for k = 3 the ratio |ζ1...ζ nk | (α1...α k ) n is equal to 1, which is equal to the lower bound based on separation of tropical roots. We choose the diagonal elements of the matrices A 1 , A 2 as follows:
with a 1 , a 2 , b > 0. Then
with
The constant f b is large when b is large, that is when the condition numbers of A 1 and A 2 are large. When a 1 = a 2 > 1, the tropical polynomial associated with P 4 for the normalized Schatten 1-norm (resp. the normalized Frobenius norm) has 3 different tropical roots equal to 1/a 1 , 1 and a 1 (resp. 1/(a 1 f b ), 1 and a 1 f b ). We present in Tables 7.3 Table 7 .4: Comparison of the bounds for P 4 with a 1 = a 2 = 10 4 and b = 10.
When a 1 > 1 and a 2 = a 1 /f b the tropical polynomial associated with P 4 for the normalized Schatten 1-norm (resp. the normalized Frobenius norm) has only 2 different tropical roots equal to 1/a 1 and √ a 1 (resp. 1/(a 1 f b ), 1 and √ a 1 f b ) with respective multiplicities 1 and 2. We present in Tables 7.6 Table 7 .5: Comparison of the bounds for P 4 with a 1 = a 2 = 10 4 and b = 10 3 .
lower bounds for both normalized Frobenius and Schatten 1-norms, when a 1 = 10 4 , and b = 2 and b = 10 respectively. When b = 10, the matrices have a large condition number, so that for k = 1 or 2 the distances (ratios) between the ratio |ζ1...ζ nk | (α1...α k ) n and its lower bounds are very large, although for k = 2 this ratio is smaller than in the case where a 1 = a 2 = 10 4 above. When either b = 2 or b = 10, we see that the lower bounds based on the separation between the tropical roots are the best ones. For k = 2 which is the abscissa of a vertex of the Newton polygon, the lower bound obtained in the case of the Schatten 1-norm is nearer the ratio |ζ1...ζ nk | (α1...α k ) n than the one obtained in the case of the Frobenius norm, whereas for k = 3 the contrary holds. Table 7 .7: Comparison of the bounds for P 4 with a 1 = 10 4 , a 2 = a 1 /f b , and b = 10.
8. The tropical scaling and its relation with the lower bounds. Since we considered matrix polynomials the coefficients of which have different order of magnitude, their eigenvalues need to be computed by using some scaling, otherwise their relative error may become very large. We used here the "tropical scaling" introduced in [GS09] , that we next recall. We shall see that it improves the relative error, by comparison with a usual method (QZ on a companion linearization without scaling), and that the tightness of our lower bounds is related with the efficiency of the tropical scaling. ki . The tropical scaling is defined by setting λ = α ki µ and defining P (µ) := (t p(α ki )) −1 P (α ki µ).
In this way,
where
Note that µ is an eigenvalue of P (µ) if and only if α ki µ is an eigenvalue of P (λ) and this scaling will not affect the condition number of any coefficient matrix. Since tp(α ki ) = max 0 j d A j α j ki we have A ki−1 = A ki = 1 and A j 1 for any j = 0, . . . , d. It has been observed numerically in [GS09] , and proved in the special case of quadratic pencils, that when the coefficient matrices are well conditioned, the tropical roots are good approximations of the moduli of the eigenvalues. This observation can be further justified, to some extent, by our bounds of Section 4 and 6. So we expect to get (k i − k i−1 )n eigenvalues of P with a modulus of order α ki , or equivalently, (k i − k i−1 )n eigenvalues of P (µ) with a modulus of order one.
The tropical scaling algorithm consists in doing a different scaling for every expected order of magnitude of the eigenvalues. It works as follows: for every tropical root α ki , we compute the scaled matrix polynomial P in (8.1), compute a companion linearization of it and apply the QZ algorithm to this linearization. We get nd eigenvalues, that we multiply by α ki , which yields candidate eigenvalues of P . Then, we keep among these candidate eigenvalues only the n(k i − k i−1 ) ones having the closest modulus to α ki , and we say that these candidate eigenvalues are assigned to α ki . The other eigenvalues returned by the QZ algorithm are discarded. Note that we measure the distance between two moduli by the absolute value of the difference of the log of these moduli. Finally, the whole spectrum is obtained as the union of the different groups of n(k i − k i−1 ) candidate eigenvalues assigned to the different tropical roots, for 1 i q. If the moduli of the values of some groups interleave, meaning that for i < j, a candidate eigenvalue λ assigned to a tropical root α ki is such that |λ| > |λ | for some candidate eigenvalue λ assigned to a tropical root α kj , the algorithm returns "fail" (the assignment is inconsistent).
In the following we compare the numerical accuracy of this method with the one of a standard method consisting in applying the QZ algorithm to the same companion linearization but without scaling. Recall that the accuracy of the computation of an eigenvalue can be evaluated by the product of its condition number and of its backward error. We can compute the condition number and the backward error directly from the matrix polynomial or from its linearization, leading to different measures of the accuracy. Here, condition numbers and backward errors are defined with respect to the relative errors and left and right eigenvectors as in [Tis00, Theorems 4 and 5]. Note that the condition numbers are computed using the result of the computation of the eigenvalues and eigenvectors, so only approximate condition numbers will be obtained. Actually, without scaling some of the eigenvalues will be aberrant.
8.2. Condition numbers and backward errors with or without tropical scalings. Below we consider the matrix polynomials of Section 7.2.
In Figure 8 .1, we plot the condition numbers and backward errors for the polynomial P 1 of Example 7.4. The number of eigenvalues is 27, but they moduli are close to the 4 tropical eigenvalues as shown in Figure 7 .3. So, we see only 4 points in each graph corresponding to the computations using the tropical scaling. However, in the graphs corresponding to the computations without scaling, we see an additional point with approximate modulus 10 −3 corresponding to aberrant values (there are no eigenvalues with this order of magnitude). We see also that the condition number of the linearization and the backward error of the matrix polynomial are much improved by using the tropical scaling, in particular for the smallest eigenvalues.
Similar conclusions are obtained for the polynomials P 2 and P 3 of Example 7.4. We finally consider the polynomial P 4 of Example 7.5 with a 1 = a 2 = 10 4 . In this case, we can compute the eigenvalues using the diagonal structure of the matrices, for verification. We saw that the tightness of the lower bound decreases when b increases. The efficiency of the tropical scaling also decreases with b. Compare the results for b = 10 and b = 100 in Figures 8.4 and 8.5, respectively. When b = 10 3 , the tropical scaling fails, leading to an error for the logarithm of the modulus greater than 1.99. 
